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Abstract
We prove that every 3-chromatic claw-free perfect graph is 3-choosable.
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1. Introduction
We consider only 5nite, undirected graphs, without loops. Given a graph G=(V; E),
a k-coloring of the vertices of G is a mapping c :V → {1; 2; : : : ; k} for which every
edge xy of G has c(x) = c(y). The graph G is called k-colorable if it admits a
k-coloring, and the chromatic number of G, denoted by 
(G), is the smallest integer
k such that G is k-colorable.
The list-coloring variant of the coloring problem, introduced by Erdo˝s et al. [2]
and by Vizing (see [5]), is as follows. Suppose that each vertex v has a list L(v) of
prescribed colors; we then want to 5nd a vertex-coloring c such that c(v)∈L(v) for
all v∈V . When such a c exists we say that the graph G is L-colorable and that c is
an L-coloring of G.
Given a mapping g such that g(v) is an integer for every v∈V , the graph G is called
g-choosable if it is L-colorable for every assignment L that satis5es |L(v)| = g(v) for
all v∈V . In particular, given an integer k, the graph G is called k-choosable if it is
L-colorable for every assignment L that satis5es |L(v)|= k for all v∈V .
The choice number or list-chromatic number Ch(G) of G is the smallest k such
that G is k-choosable. Clearly, every k-choosable graph is k-colorable (consider the
assignment L(v) = {1; 2; : : : ; k} for all v∈V ), and so 
(G)6Ch(G) holds for every
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Fig. 1. The claw.
graph. The converse inequality is not true; for example, there exist bipartite graphs
with arbitrarily high choice number [2].
When coloring the edges of a graph rather than the vertices, the above notions are
extended in the obvious way. The least number of colors necessary to color all edges
of a graph with no two incident edges receiving the same color is its chromatic index

′(G). The least k such that G is L′-edge-colorable for any assignment L′ of colors
to the edges with |L′(e)|= k for all e∈E is called the choice index or list-chromatic
index of G. A famous conjecture, attributed in particular to Vizing (see [5]), is:
Conjecture 1 (List Chromatic Conjecture). Every graph G satis5es Ch′(G) = 
′(G).
The edge-coloring problem can be reduced to a special instance of the vertex-coloring
problem via the line-graph. The line-graph of a given graph H is the graph L(H)
whose vertices are the edges of H and whose edges are the pairs of incident edges
of H . Clearly, 
(L(H))= 
′(H) and Ch(L(H))=Ch′(H). Hence, a reformulation of
Conjecture 1 is that every line-graph G should satisfy Ch(G) = 
(G).
The complete bipartite graph K1;3 is usually called the claw (see Fig. 1), and any
graph that does not contain an induced claw is called claw-free. It is easy to see that
every line-graph is claw-free. Another natural subclass of claw-free graphs consists
of the complements of triangle-free graphs. It is known that the choice number of
the complement of a triangle-free graph is equal to its chromatic number, as an easy
consequence of Hall’s Marriage Theorem (see [4]). One may then wonder whether the
equality Ch(G) = 
(G) holds for every claw-free graph G. Our investigation of this
question leads us to the following theorem, which is the main result in this paper.
Recall that a graph G is perfect if every induced subgraph G′ of G satis5es 
(G′)=
!(G′), where !(G′) is the maximum clique size in G′.
Theorem 1. Every claw-free perfect graph G with 
(G)6 3 satis8es Ch(G) = 
(G).
The proof of Theorem 1 is based on a decomposition for claw-free perfect graphs,
which we present in Section 2.
2. Claw-free perfect graphs
We will be inspired by a decomposition of claw-free perfect graphs that was found
by Chv*atal and Sbihi [1]. They proved that in general every claw-free perfect graph
either has a clique-cutset, or is ‘peculiar’, or ‘is elementary’. Here we will forget about
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Fig. 2. Pyramid, mausoleum, lighthouse, garden, colossus.
Fig. 3. A triangular stripe.
peculiar graphs (and omit their de5nition) because they have maximum clique size at
least four and thus are not 3-colorable. It turns out that the decomposition of claw-free
perfect graphs with maximum clique size at most three is simpler than the general
case; this will be expressed precisely in Theorem 4 below. For this purpose let us
recall some de5nitions. A graph is elementary [1] if its edges can be colored with two
colors such that every induced P3 (chordless path on three vertices) has its two edges
colored di+erently. The authors proved previously Theorem 1 in the special case of
elementary graphs:
Theorem 2 (Gravier and Ma+ray [3]). Let G be an elementary graph with !(G)6 3.
Then Ch(G) = 
(G).
The following characterization of elementary graphs by forbidden con5gurations was
given in [7].
Theorem 3 (Ma+ray and Reed [7]). A graph G is elementary if and only if it contains
no claw, no odd hole, no odd antihole, and none of the 8ve graphs in Fig. 2.
A triangular stripe is a graph on k¿ 7 vertices v1; : : : ; vk with edges vivi+1 (i =
1; : : : ; k − 1) and vivi+2 (i = 1; : : : ; k − 2); see Fig. 3. Note that the lighthouse is the
smallest triangular stripe. Given a graph G, a maximal triangular stripe in G is an
induced subgraph of G that is a triangular stripe and is not contained in a longer
triangular stripe of G (in this de5nition we will usually omit mentioning G). The
vertices of degree two in a maximal triangular stripe, or in a pyramid, or in a garden,
are called its tips.
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Fig. 4. Allowed neighborhood types.
Recall that a block of a graph G is an induced subgraph of G that is 2-connected
and is maximal with that property. A block is terminal if it contains at most one
cut-vertex of G. It is well-known that the incidence graph of blocks and cut-vertices
of a graph is a tree. Thus every graph has a terminal block.
Theorem 4. A claw-free graph G with !(G)6 3 is perfect if and only if every block
B of G is either an elementary graph, or a pyramid, or a garden, or a triangular
stripe.
Proof. The ‘if’ part of this theorem is easy to check: it is known that elementary
graphs are perfect [1,7], and it is easy to check that triangular stripes, the pyramid and
the garden are perfect as well; moreover, it is also known and easy to check that a
graph is perfect if and only if its blocks are perfect.
Now we prove the ‘only if’ part of the theorem; for this purpose, assume that G is a
claw-free perfect graph with !(G)6 3. We establish several lemmas. As usual, Kk , Pk
and Ck denote, respectively, the clique, chordless path and chordless cycle (‘hole’) on
k vertices. We will use the verbs sees and misses, respectively, instead of ‘is adjacent
to’ and ‘is not adjacent to’.
Lemma 1. For each vertex x of G, the neighborhood of x in G induces one of: K1,
K2, NK2, K2 ∪ K1, P3, 2K2, P4, C4 (see Fig. 4).
Proof. If N (x) has at least 5ve vertices, then it must either contain three pairwise
adjacent vertices (and so G is not 3-colorable), or contain three pairwise non-adjacent
vertices (and so G contains a claw), or N (x) must be a 5-cycle (and so again G is not
3-colorable); in either case a contradiction arises. If N (x) has at most four vertices,
a simple case analysis, using only that G contains no claw and no K4, leads to the
desired conclusion.
Lemma 2. If G contains a pyramid or a garden, then this pyramid or garden is a
block of G, and each tip of that pyramid or garden is either a simplicial vertex of
degree two in G or a cut-vertex of G.
Proof. First consider the case when G contains a pyramid H . Suppose that some tip
x of H is neither a simplicial vertex of degree two nor a cut-vertex of G. So x has a
neighbor v that is not in H , and there exists a path in G − x from v to H − x. Let P
be a shortest such path. Observe that the non-tip vertices of H have degree four; so
they have no further neighbor in G, by Lemma 1. Therefore, the path P must end at
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another tip y of H . Note that there is a chordless path Q of length two and a chordless
path R of length three from y to x in H . Thus one of P ∪Q and P ∪R is an odd hole
in G, a contradiction. This proves the lemma in the case of a pyramid. The proof is
similar when G contains a garden.
It is easy to check, using Lemma 1, that every triangular stripe is contained in a
unique maximal triangular stripe.
Lemma 3. If G contains a triangular stripe T , then the maximal triangular stripe T ′
that contains T is a block of G, and each of the two tips of T ′ is either a simplicial
vertex of degree two in G or a cut-vertex of G.
Proof. Let v1; : : : ; vk be the vertices of the maximal triangular stripe that contains T ,
with edges vivi+1 (i = 1; : : : ; k − 1) and vivi+2 (i = 1; : : : ; k − 2). Observe that the
vertices v3; v4; : : : ; vk−2 have degree four in T ′, hence they have no further neighbor in
G, by Lemma 1. We 5rst claim that v2 has no further neighbor in G than v1; v3; v4.
Suppose on the contrary that v2 has a fourth neighbor x. By the preceding observation
x misses all of v3; : : : ; vk−2. Then x sees v1, for otherwise v2; x; v1; v4 induce a claw.
Then x must see at least one of vk−1; vk , for otherwise x; v1; : : : ; vk induce a triangular
stripe, contradicting the maximality of T ′. If x sees vk−1, then, if k is odd one of
xv1v3v5 · · · v2i+1 · · · vk−2vk−1x and xv2v4v6 · · · v2i · · · vk−1x is an odd hole, while if k is
even then one of xv1v3v5 · · · v2i+1 · · · vk−1x and xv2v4v6 · · · v2i · · · vk−2vk−1x is an odd
hole. So x misses vk−1 and sees vk ; but then a similar argument shows that the graph
again contains an odd hole. The conclusion is that v2 has degree three in G. Likewise
vk−1 has degree three in G.
Now suppose that the tip v1 is neither a simplicial vertex of degree two nor a
cut-vertex of G. So v1 has a neighbor v di+erent from v2; v3, and there exists a
path from v to {v2; v3; : : : ; vk} in G. Let P be a shortest such path. It follows from
the preceding paragraph that v sees none of v2; v3; : : : ; vk−2; vk−1, and that the end
of P is vk (possibly P = vvk). If k is even, P can be combined with one of the
paths xv1v3v5 · · · v2i+1 · · · vk−1vk and xv1v2v4v5 · · · v2i+1 · · · vk−1vk to yield an odd hole;
if k is odd P can be combined with one of the paths xv1v3v5 · · · v2i+1 · · · vk and
xv1v2v4v5 · · · v2i+1 · · · vk to yield an odd hole. In all cases a contradiction occurs.
In a mausoleum, we call tips the two vertices that are the neighbors of the vertices
of degree one; we call center of the mausoleum the subgraph obtained by removing
the two vertices of degree one.
Lemma 4. If G contains a mausoleum, then either the center of the mausoleum ex-
tends to a triangular stripe, a pyramid or a garden, or the two tips of the mausoleum
are cut-vertices of G.
Proof. Let H be a mausoleum in G, with vertices a; b; c; d; e; f; g and edges ab, bc,
bd, cd, ce, de, df , ef , fg (the tips are b and f). Observe that d has degree four in
H , so d has no further neighbor in G.
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Assume that c has degree four in G, i.e., c has a neighbor x di+erent from b; d; e.
If x sees b, then x sees a (or else b; a; x; d induce a claw), then x misses g (or else
x; a; c; g induce a claw), and x misses f (or else f; d; x; g induce a claw); therefore
a; x; b; c; d; e; f induce a triangular stripe (if x misses e) or a garden (if x sees e). If
x misses b, then x sees e (or else c; b; x; e induce a claw), and by symmetry we may
assume that x misses f; therefore x; b; c; d; e; f induce a pyramid.
Now assume that c has degree three in G and, by symmetry, that e has degree three
in G. Suppose that the tip b is not a cut-vertex of G: there exists a path from a to
{c; d; e; f} in G − b. Let P be a shortest such path. Since d; c; e have no neighbor in
G − H , this path must end at f. But then P can be combined with one of fdb and
fecb to yield an odd hole, a contradiction. So b is a cut-vertex, and similarly f is a
cut-vertex.
Now we 5nish the proof of Theorem 4. Let B be any block of G, and suppose that
B is not elementary. Theorem 3 implies that B contains an induced subgraph H that
is isomorphic to a claw, an odd hole, an odd antihole, or to one of the 5ve graphs
in Fig. 2. In fact H cannot be a claw, an odd hole, or an odd antihole since G is
claw-free and perfect; moreover, H cannot be a colossus since a colossus contains a
clique of size four. If H is a pyramid or a garden, then Lemma 2 implies that H is a
block of G, hence B=H . If H is a lighthouse, then it is a triangular stripe and Lemma
3 implies that B is a triangular stripe: B is the maximal triangular stripe containing
H . If H is a mausoleum, we can use Lemma 4: since B is a block it cannot be that
a vertex of H is a cut-vertex of G; hence, it must be that the center of H extends
to a garden, a pyramid, or a triangular stripe, and the conclusion follows again from
Lemma 2 or 3.
Proof of Theorem 1. Let G be a claw-free perfect graph with !(G)6 3. Let L be an
assignment of colors such that |L(u)| = !(G) for each vertex u of G. We want to
show that G admits an L-coloring. If !(G) = 1, the fact is trivial (G is edgeless). If
!(G) = 2, each connected component of G is a chordless path or chordless cycle of
even length, and it is a simple exercise to check that G is L-colorable. We now assume
that !(G) = 3 and we prove that G is L-colorable by induction on the number of its
vertices. By Theorem 4 every block of G is either an elementary graph, a pyramid, a
garden, or a triangular stripe. Let B be a terminal block of G.
Case 1: B is a pyramid. By Lemma 2, each of the three tips of B is either simplicial
and of degree two or a cut-vertex. Since B is a terminal block, at most one of the
three tips is a cut-vertex. Hence B, and consequently G, has two simplicial vertices
of degree two. Let x be such a vertex. By the induction hypothesis, G − x admits
an L-coloring c. Since x has degree two, we can 5nd in L(x) a color di+erent from
the colors assigned by c to the neighbors of x; choosing such a color for x yields an
L-coloring of G.
Case 2: B is a garden. The argument here is the same as in Case 1, using the fact
that at least one tip of B must be a simplicial vertex of degree two in G.
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Case 3: B is a triangular stripe. The argument here is the same again, only using
Lemma 3 instead of Lemma 2.
Case 4: B is elementary. If G = B, the result is provided by Theorem 2. Suppose
now that B is not all of G. Hence there is a cut-vertex x of G in B, i.e., in the graph
G − x, B− x is separated from the rest of the graph. By the induction hypothesis, the
graph G − (B− x) admits an L-coloring c. Write = c(x). Our plan is to extend c to
an L-coloring of G. For this purpose, we only need show that B admits an L-coloring
in which x has color .
Construct a graph B′ as follows: take three copies B1; B2; B3 of B (based on
three disjoint sets of vertices), calling x1; x2; x3 the copies of x, and add three edges
x1x2; x1x3; x2x3. We claim that
B′ is an elementary graph: (1)
Suppose 5rst that (1) is true. De5ne an assignment L′ of three colors for each vertex
of B′, setting L′(ui) = L(u) if ui is the copy of a vertex u in Bi − xi (i = 1; 2; 3),
and setting L′(x1) = L′(x2) = L′(x3) = {;  ; !}, where  and ! are two new colors
di+erent from . By (1), B′ is elementary, so Theorem 2 ensures that B′ admits an
L′-coloring c′. Observe that one copy of x, say x1, receives color  by c′ (the other
two copies receive color  and ! respectively). Hence c′ is an L-coloring of a copy
of B with c′(x) = . We can therefore combine c and c′ to obtain an L-coloring
of G.
There remains to establish fact (1). For this purpose, we use the characterization by
forbidden subgraphs from Theorem 3. Observe that x is a simplicial vertex in B (or
else x would be the center of a claw in G); thus xi is not the center of a claw in B′.
Consider a vertex y = x of B′; the neighborhood of y is the same as in B, thus y is
not the center of a claw. It follows that B′ contains no claw.
The graph B′ also cannot contain an odd hole, an odd antihole, a pyramid, a light-
house, a garden, or a colossus, because these graphs are 2-connected and should there-
fore be contained in a block of B′, i.e., either in the triangle x1x2x3 (which is intrisically
impossible) or in a copy of B, which is impossible as B is elementary.
Finally, suppose that B′ contains a mausoleum. Since the center of a mausoleum
is 2-connected and a mausoleum cannot be entirely in one copy of B, we may as-
sume by symmetry that the vertices of this mausoleum are a; b; c; d; e; x1; x2 with edges
ab; bc; bd; cd; ce; de; dx1; ex1; x1x2, and with a, b, c, d, e, x1 ∈B1. Note that d has no
further neighbor in B1 (as it has degree four). Also x1 has no further neighbor in B1,
or else x would violate Lemma 1 in G. Suppose that e has a neighbor y = c; d; x1;
then y sees c (or else e; y; c; x1 induce a claw), y sees b (or else b; c; d; e; y; x1 induce a
pyramid in B1), and y sees a (or else b; a; d; y induce a claw); but then a; b; c; d; e; y; x1
induce a garden in B1, a contradiction. Thus e has only three neighbors (c; d; x1) in
B1. Suppose that c has a neighbor z = b; d; e; then z sees b (or else c; b; e; z induce a
claw), and z sees a (or else b; a; d; z induce a claw); but then a; z; b; c; d; e; x1 induce
a lighthouse, a contradiction. Thus c has only three neighbors (b; d; e) in B1. But now
b is a cut vertex in B1 (separating a from {c; d; e; x1}), a contradiction.
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3. Conclusion
We have proved here that every claw-free perfect graph G with chromatic number

(G)6 3 is 
(G)-choosable. One may wonder whether a similar proof exists for all the
claw-free graphs with chromatic number at most three, using some generalized kind
of decomposition. However, since it is NP-complete to decide if a claw-free graph
is 3-colorable (because it is NP-complete for line-graphs [6]), we feel that it may
be diOcult to have a good structural description of such graphs. On the other hand,
using the list-coloring analogue of Brooks’s Theorem given in [2, p. 145] together will
Lemma 1, it is easy to derive that every 3-colorable claw-free graph is 4-choosable.
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